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Abstract 
Current  experimental resul t s  indicate that sonoluminescence is 
largely thermal  in origin, with the spect ra  showing a direct  relation be - 
tween luminous intensity and the temper ature s generated inside the col- 
lapsing cavitation bubbles. In the present  paper the strong dependence 
of the luminous intensity on the nature of the gas dissolved in the liquid is 
explained i n  t e r m s  of ther ma1 conduction. Provided the cavitation bubbles 
a r e  sufficiently small,  loss  of heat f r o m  the bubble into the liquid can 
significantly reduce the temperatures attained during collapse, s o  that 
there is a consequent reduction in the luminous intensity. This process  
is demonstrated analytically by means of a numerical solution of the equa- 
tions of motion of a gas inside a collapsing cavitation bubble. The agree-  
ment between the theory and the observed luminous intensities for differ - 
ent dissolved gases is good, 
1. Introduction 
Sonoluminescence i s  a weak emission of light which occurs when 
a liquid with dissolved gas i s  cavitated by a sound field. It i s  readily ob- 
served that the lumimscence comes from the cavitation bubbles and also 
that i t  occurs in flashes with the same frequency a s  that of the sound. 
Although this effect has  been known since the early 19301s, i t  i s  only 
recently that quantitative results could be obtained using modern photo- 
multiplier tubes. These results have been summarized and discussed by 
Jarman '  l who concludes that they can best be explained on the assump- 
tion that sonolumines cence i s  largely thermal in origin. The cavitation 
bubbles collapse due to a return of positive p ressure  and compress the 
gas inside so that i t  becomes momentarily incandescent. Such high 
pressures  were  predicted by Rayleigh[21 a long time ago and a r i se  be-  
cause of the large inertial  forces which a r e  exerted when the liquid 
advances into the rarefied gaseous phase. 
The spectra of sonolumine s cence support this hypothesis. All 
distinctive band and line spectra appear to have been smeared out as  
though by very high [ 31 to form a continuous distribution which 
usually s tretches from the infra-red well into the ultra-violet. Fo r  
example the spectra of sonoluminescence for different gases dissolved i n  
water appear to resemble that of a black body radiating between 6,000 K ,  
[ l Ip. Jarman: J .  Acoust. Soc. Amer . ,  32, 1459 (1960). 
[ Lord Rayleigh: Phil. Mag. , 34, 94 (1 91 7) 
[ 3 1 ~ u  . N. Ryabinin: "Gases a t  High Densities and Temperatures", 
Pergamon P r e s s  (1961). 
TABLE 1 
Relative Intensity Thermal  Conductivity Solubility in  Water 
- 7 Molecular Gas of Sonolumines cence ( ~ a l / c m / s e c / ~ ~ ) ~ 1 0 '  Henry ' s  Law Cons t .X l0  Weight 
Helium 1 0. 3365 10.90 4 
Neon 18 0.1092 9 .14  20.2 
Argon 54 0.0385 2. 58 39.9 
Krypton 180 0.021 2 1.52 83.8 
Xenon 540 0.01 24 0.742 131. 3 
Hydrogen - - 0.414 5.20 2 
Oxygen 35 0.0583 2.95 3 2 
Nitrogen 4 5 0.055 5.75 28 
and 1 1 , 0 0 0 ~ ~  [ 41 [ I .  Although there seems to be no distinctive radiation 
lines o r  bands, the intensity of the luminescence has  been found to depend 
in a striking, way on the nature of the dissolved gas [61,[71. ~ h i ~ i ~  
shown in Table 1 which l i s ts  the relative luminous intensities obtained by 
Prudhomme and Guilmart [ for water with different dissolved gases. 
The luminosity with helium was barely preceptible and with hydrogen 
could not be observed a t  all. The cause of this wide variation in intensity 
has not been very clearly understood, and the theory of the thermal 
origin of sonluminescence has been thought to be inadequate because i t  
did not appear to account for i t  in a straightforward manner. However, 
such cri t icism i s  founded on the assumption that the cavitation bubbles 
collapse so rapidly that the gas i s  compressed adiabatically, and in the 
following analysis of the experiments of Prudhomme and Guilmart i t  will 
be shown that this i s  not the case. 
Cavitation bubbles a r e  of two main types, namely the vaporous 
and the gaseous 81 ' [ I .  The former contain the liquid vapor principally 
14] P. Gunther, E.Heim and H. V.  Borgstedt: Z .  Electrochem. ,63,43(1959). 
[ 51 D. Srinivasan: "The Sonoluminescence of Water". Ph.  D. Thesis 
University of Missouri (1 955). 
[ 61 R. 0. Prudhomme and Th. Guilmart: J. Chim. Phys . ,  54, 336(1957). 
[71  P. Gunther, W. Zeil, U. Grisaw,E.Heim: Z. Electrochem., 61,188(1957). 
[81 F. G. Blake: Tech. Memo. No. 12, Acoustics Research Lab., 
Harvard University, Cambridge, Mass. (1 949). 
[ 9 1  M. D. Rosenberg: Tech. Memo. No. 26, Acoustics Research Lab.,  
Harvard University, Cambridge, Mass. (1 953). 
and have a comparatively short lifetime, while the latter contain a 
significant ~ r o p o r t i o n  of permanent gas in addition to the vapor and occur 
only when there i s  a sufficient gas content in the liquid. Since attempts 
to observe sonoluminescence with vaporous cavities have been unsuccess- 
ful' ' , i t  i s  evident that it occurs preferentially with the gaseous type of 
bubble. Gaseous cavitation bubbles originate a s  small  nuclei full of gas 
having radii of the order  of 1 o ' ~  cm [ 8 1 9 [ 9 1 .  Forpressureampl i tudes  
larger  than a certain threshold, such nuclei will accumulate dissolved 
gas from the liquid by means of a process described a s  rectified 
diffusion [ lo '  , in which there i s  a net inflow into the bubble during a 
complete cycle of oscillation of the bubble surface reacting under the 
applied sound field. The theory of this process [ shows that the rate of 
growth of such small nuclei will be relatively rapid, so that the bubbles 
quickly become large enough to allow the expansion and collapse typical 
of cavitation. Whether they grow much beyond this stage i s  uncertain. It 
i s  obvious from observation that they do not continue to grow indefinitely 
and must eventually break up into smaller  bubbles which then continue the 
process.  
The size of the cavitation bubbles i s  actually of critical importance. 
In their experiments Prudhomme and Guilmart made no direct observa- 
tion of bubble size. However they did state that the excitation frequency 
was 960 kc / sec  and the power of the transducer was 90 watts, and this 
information can be used a s  follows to estimate the maximum size of the 
[ l o ]  D. Y .  Hsieh and M. S. Plesset :  J .  Acoust. Soc. Amer . ,  33,  206 
(1961). 
bubbles prior  to collapse. The experiments were conducted under 1 atmos- 
phere pressure and at room temperature, and R ~ s e n b e r ~ ' ~ '  has shown 
that for these conditionsathe cavitation threshold for water saturated with 
gas occurs a t  a pressure amplitude of about 1 .5  atmospheres. Once cavita- 
tion has started i t  can easily be maintained by amplitudes below this thresh- 
old. In the experiments of Prudhomme and Guilmart the acoustic waves 
were attenuated by being passed through a quartz window and it  i s  apparent 
that, for a power of 90 watts, the pressure  amplitude in the test vessel 
could not have been much more than a few atmospheres. Rayleigh's [ 21 
formula for the collapse time of a spherical cavity i s  
where Ro i s  the radius of the cavity pr ior  to collapse and p and p a r e  
the ambient pressure and density in the surrounding liquid. For  a pressure 
of only a few atmospheres in water,  this relation becomes 
where Ro i s  in centimeters. Since the acoustic wavelength i s  obviously 
much longer than bubble dimensions, this relation can be applied to the 
cavitation bubbles in the experiment. Now it i s  evident that these bubbles 
will only collapse effectively if the collapse time i s  less  than a half cycle 
of the excitation, and for this to occur the initial radius R would have to 
0 
be less  than 10-3 cm. Other cri teria,  from the theory of oscillating 
bubbles,can be applied to support this estimate. According to the 
theory [ , the surface of a bubble i s  an oscillating pressure field be- 
comes unstable when it  exceeds a certain critical radius, which in the 
present case can be estimated to about cm. Also the radius a t  
which a bu,bble resonates under a 960 kc l s ec  excitation can be shown to be 
- 4  
' between 10 and 1 o - ~  cm. Finally ~ o s e n b e r ~ '  91 has observed that under 
a 60 kc / sec  excitation the maximum size of cavitation bubbles i s  about 
lo- '  crn. It seems reasonable to expect therefore that, for a 960 kc l sec  
excitation, the maximum bubble radii should be of the o rder  of 10- cm. 
It i s  to be expected then that the cavitation bubbles occurring in  
the experiments of Prudhomme and Guilmart range in size from about 
1 o m 5  cm to 10- cm. where the bubbles a r e  evolving f rom nuclei through 
the acquisition of dissolved gas f rom the water.  No very precise descrip- 
tion can be given of this evolution, however. In particular it i s  difficult 
to determine just how much gas and vapor will be present in the bubble 
when i ts  surface goes into large scale oscillation. It obviously s tar ts  
with exceedingly small amounts which increase by means of rectified 
diffusion f rom the dissolved gas in the liquid. In addition the gas content 
can be increased by the coalescence of several  bubbles, since there a r e  a 
very large number situated close together in a typical cavitation cloud. 
Thus i t  would appear that the gas content of a bubble could vary over 
quite a wide range. However i t  will be shown that the amount of gas 
necessary fo r  effective luminescence i s  moderately small  and restr icted 
between fair ly definite l imi ts ,  so that only a certain proportion of the 
bubbles will be in the right condition. This agrees  with observation since 
sonoluminescence would presumably be much brighter if all the bubbles in  
a cavitation cloud could radiate. 
Radiation in the visible region of the spectrum occurs when a gas 
0 
reaches temperatures in excess of about 1,000 K. Prudhomme and 
Guilmart  in fact measured  their  intensit ies in the u l t r a  violet, with a 
photocell operating in the range 190 m p  to 280 m p  and having a sha rp  
maximum sensitivity a t  230 mp.  Hence the tempera ture  attained by the 
gas would have to be of the o r d e r  of 10,0000K[ 31. This est imate i s  i n  
agreement  with the spec t ra l  distributions mentioned ea r l i e r  [4J9[51  . TO 
reach  such tempera tures  would require  an  adiabatic compression caused 
by a spherical  bubble collapse of the o r d e r  of 91 10 of the initial rad ius ,  
assuming ordinary tempera tures  initially. If the p roc res  s i s  not adiabatic 
but involves some loss  of heat f rom the bubble, then the collapse will 
have to proceed fur ther  before the right tempera tures  a r e  reached. In 
o r d e r  to obtain such reductions in volume under a constant external 
p r e s s u r e  of a few a tmospheres ,  i t  i s  necessary  to l imit  the initial p r e s s u r e  
of the gas  to l e s s  than 0.1 atmospheres  a t  ord inary  tempera tures .  This 
est imate i s  obtained by using Gilmore ' s  theory [ I of a collapsing 
spherical  cavity, in which fairly accurate  allowance i s  made for the com- 
pressibi l i ty  of the liquid. This se t s  an upper l imit  on the amount of gas 
necessa ry  for  effective luminescence. A lower l imit  becomes apparent 
a f te r  the collapse process  i s  considered in m o r e  detail. 
The collapse of a bubble i s  generally considered to be quite rapid.  
.However,the iner t ia l  forces  in the liquid require  t ime to build up and gen- 
e r a t e  high velocities a t  the cavity wall. The presence of the gas inside 
does not affect the motion of the interface significantly until the very  final 
s tages when i t  eventually br ings i t  to r e s t .  It i s  possible to descr ibe this  
[ I 1 ]  F. R. Gilmore: Rept. No. 26-4, Hydrodynamics Laboratory,  
Calif. Inst .  of Tech. , Pasadena ,  Calif. (1952). 
behavior approximately, using Gilmore ' s  theory [ I .   or illustration a 
- 3 bubble having an initial radius R = 10 c m  under a constant external 
0 
' pressure  of 3 atmospheres i s  used. The collapse time T i s  then about 
*psec. Inside the bubble there i s  assumed to be a uniform adiabatic gas 
of initial pressure  5 X 1 o - ~  atmospheres a t  ordinary temperatures.  
Figure 1 shows how the radius R of the bubble will vary with time t for 
different y, the ratio of the specific heats of the gas.  The temperature 
of the gas goes a s  ( R ~ I R ) ~  (Y-' ) and the pressure  a s  ( R o / ~ ) '  '. The 
motion i s  seen to be relatively independent of the presence of the gas up to 
R/Ro " 0. 3.  At this stage the elapsed time t i s  about 0.97 7 and the 
velocity has  reached a value of about 7 X 1 03cm/ sec.  i .  e .  i t  i s  sti l l  dis- 
tinctly subsonic with respect to a gas a t  ordinary temperatures.  The most  
significant point to notice from Fig. 1 however, i s  that, if some of the 
energy of the gas molecules i s  lost,or i s  absorbed within the molecule be- 
cause of additional degrees of freedom, then the bubble attains lower final 
temperatures and collapses to smaller  radii. This will profoundly affect 
the intensity of any resulting luminescence. Now a i r  a t  ordinary tempera- 
tures  and at 0.1 atmosphere pressure  has a thermal diffusivity of about 
3 cm2 / sec .  Corresponding to a t ime of $psec ,  the thermal diffusion length 
i s  then about 1 oq5cm i .  e . equivalent to the dimensions of the bubble. Thus, 
since the surrounding water acts  a s  an effective heat sink, i t  i s  obvious 
that significant heat losses f rom the gas inside the bubble can be expected 
during collapse, and that the luminous intensity will be affected correspond- 
ingly. If the initial p ressure  in the gas i s  much lower than 0.1 atmospheres 
- 5 
say about 10 atmospheres o r  l e s s ,  then the thermal diffusivity will be 
l a rge r  and the gas can be expected to remain in thermal equilibrium with 
the liquid at  the bubble wall over  most  of the motion. This means that i t  
will remain almost  isothermal ,  and that only during the final stages will i t  
approach adi9batic conditions. Hence the final tempera tures  will not be so  
high and the final radius will be smal le r , so  that not much luminescence 
can be expected a s  a consequence. This establ ishes a lower l imit  on the 
amount of gas  necessary  for  effective luminescence. Actually for  initial 
- 3 p r e s s u r e s  of the o r d e r  of 10 atmospheres  i t  i s  inappropriate to consider 
thermal  diffusion in the gas f rom a continuum standpoint, since the mean 
f r e e  paths a r e  somewhat l a r g e r  than the dimensions of the bubble. How- 
ever  i t  can be shown that there i s  sufficient t ime for  the gas molecules to  
experience a la rge  number of collisions with the bubble wall during mos t  
of the collapse,  so  that the conclusion i s  essentially the same .  
Since condensation and evaporation ra tes  a r e  comparatively slow, 
water  vapor will behave r a the r  like a permanent gas and, since i t  i s  
tr iatomic, i t  will effectively quench [ 31 the luminescence of other gases  if 
i t  i s  present  in any quantity. As has  been pointed out e a r l i e r ,  no lumines-  
cence could be observed f rom vaporous cavitation in water '  ' I ,  and i t  
s e e m s  apparent f r o m  the experiments of J a r m a n  [ 121 that the presence of 
the liquid vapor does indeed diminish sonolumines cence. Also sonolumi- 
-nescence appears  quite distinctive for  each dissolved gas and does not 
appear  to a r i s e  f r o m  a mixture in which one constituent i s  always the same .  
F o r  these reasons  i t  i s  doubtful whether the re  can be a high proportion of 
vapor in the luminescing bubbles. As has  a l ready been pointed out, a 
typical cavitation cloud will contain bubbles whose gas and vapor content 
[ P. J a r m a n :  P r o c .  Pbys .  Soc. (London)73, 628 (1959). 
can be expected to vary  over  quite a wide range,  and the luminescing 
bubbles will be those with the right amount of gas  combined with only a 
' smal l  amount of vapor.  
The fact that loss  of heat  f rom the gas inside the bubbles s ig-  
nificantly affects the intensity of sonoluminescene, can be used to explain 
the wide variation in intensity which has  been observed for different d is -  
solved gases .  This conclusion i s  supported by Table 1 where the re  i s  
shown to be a c l ea r  inverse relation between the thermal  conductivities 
under ordinary conditions [ 31 and the observed luminous intensit ies.  It 
has  a l so  been suggested[51 that the solubility of the gas  i s  a contributory 
fac tor  and that if t he re  i s  m o r e  dissolved gas ,  then there  will be m o r e  
luminescence. This contention i s  only part ia l ly  supported by Table 1 
which l i s t s  the Henry ' s  Law constant [ 14' a t  ordinary tempera tures .  Also 
i t  i s  not in accord with the relative luminescences observed with different 
liquids . The amount of dissolved gas can affect the number of the 
bubbles and, m o r e  significantly, their  gas content. However these will 
a l so  depend on the diffusivity of the gas  in the liquid which appea r s i9 ]  to 
exhibit an opposite t rend  to that of the solubility, i .  e .  , the sma l l e r  mole- 
cules a r e  m o r e  mobile and accumulate in the bubbles m o r e  readily. Hence, 
provided the re  i s  sufficient gas present  i t  i s  not cer ta in  that the luminous 
intensity should be related to the solubility. In comparison the modifying 
effect of heat  l o s s  f r o m  the bubbles i s  much m o r e  definite. According to 
[ 31 Thorpe 's  Dictionary of Applied Chemistry,  4th Edi t . ,  Longmans Green  and Co. 
[ 14] Handbook of Chemistry and Phys ics ,  41st Edit. Chemical Rubber 
Publishing Company. 
Table 1, i t  i s  possible to obtain a relation between the observed luminous 
intensit ies and any parameter  which i s  dependent on the molecular weight. 
However the thermal  conductivity i s  itself dependent on the molecular 
weight, so that i t  would f i r s t  be necessary  to demonstrate  that a pa ramete r  
re la tes  to a process  which can clear ly affect the luminescence, before 
attaching any part icular  significance to i t .  
It i s  evident that the luminous intensity will be dependent on the 
behavior of the gas during the final stages of collapse,  and on the kinds of 
emission which can occur  under such conditions. It has  been suggested 
for  instance by Ja rman '  ' that microshocks may be responsible for  pa r t  
of the luminescence, and since the motion of the bubble wall can be supe r -  
sonic at  this  point, this idea would s e e m  to be quite plausible. However 
the final s tages of the collapse and the resulting emission a r e  outside the 
scope of this  paper .  It i s  sufficient for  present  purposes to point out that 
whatever takes place in the gas during these s tages ,  will be strongly 
affected by the heat l o s ses  which can occur  in the ea r l i e r  motion. 
Although i t  has  been est imated that heat  conduction does affect the 
behavior of the gas inside the bubble, i t  would be of some in teres t  to 
examine the p rocess  in m o r e  detail. In par t icu lar  i t  would be interesting 
to determine how the effect of thermal  conduction va r i e s  with bubble s i ze ,  
and under what conditions the tempera ture  of neon will become lower than 
that of nitrogen so a s  to accord with the relative luminescences given in 
Table 1. An analysis  i s  therefore presented based on a simplified model 
of a collapsing spherical  cavity in which the equations of motion of a 
thermally conducting ideal gas a r e  solved numerical ly  up to the stage 
R/Ro = 0. 3. During this  p a r t  of the motion, the bubble wall has  a 
velocity which i s  much lower than the velocity of sound in the gas. Hence 
the acoustic waves generated b/ the motion of the wall have enough time to 
be reflected a t  the center of the cavity, thus avoiding the development of a 
p ressure  front. This makes the numerical solution relatively straight- 
forward. 
2. D e s c r i p t i ~ n  of the Analytical Model 
A spherical cavity in an incompressible liquid contains a thermally 
conducting ideal gas with negligible quantities of the liquid vapor. It i s  
assumed that both the gas and the liquid a r e  non-viscous, and that pr ior  
to collapse they have the same uniform temperature . It i s  also as -  To 
sumed that during the collapse process,  the temperature r i se  in the liquid 
a t  the cavity wall i s  negligible in comparison to the r i se  in temperature of 
the gas. This can be justified on the basis  that the heat capacity of the 
liquid i s  much greater  than that of the gas. Although the thermal conductiv- 
ity of the liquid i s  generally about ten t imes greater  than that of the gas ,  
the thermal diffusivity of the gas will still be much greater  than that of the 
liquid. Hence the thermal effects due to a t ransfer  of heat out of the cavity 
will be confined to a comparatively narrow region of liquid next to the 
interface [ I .  Since the temperature gradient in the liquid has i t s  great- 
e s t  value at the interface and since i t  will be about ten times smaller  than 
the gradient in the gas,  i t  follows that the temperature r i se  a t  the interface 
i s  small  in comparison to the temperature r i s e  in the interior of the gas. 
Hence the condition for the temperature on the boundary TB can be ex-  
pressed 
M. S. P lesse t  and S. A. Zwick: J.  Appl. Phys. 23, 95 (1952). 
In o rder  to generate the collapse, the ambient pressure  in the 
liquid i s  raiskd to a uniform value p while the gas in the inter ior  has  Cn 
the uniform value p < p . Initially the liquid and the gas a r e  a t  res t .  
0 Fd 
Allowing the pressure  difference to take effect, the subsequent motion of 
the cavity wall i s  governed by the well-known relation for a collapsing 
spherical cavity [ 161 
where p i s  the p ressure  exerted by the gas on the cavity wall, U and B 
R a r e  the velocity and radius of the wall and p i s  the density of the L 
liquid. At the center of the cavity the boundary conditions a r e  
where u i s  the velocity, T the temperature and r the radial coordinate. 
Since there i s  a moving boundary, i t  i s  necessary to express the 
equations of motion of the gas in Lagrangian fo rm which for spherically 
symmetric  motion a r e ,  
[ I 6 ]  M. S. P lesse t :  J .  Appl. Mech.,  16, 277 (1949). 
a r 
u = a t '  
and the equation of state 
where p and p a r e  the density and pressure  in the gas and C . and k 
v 
a r e  the specific heat at constant volume and thermal conductivity. These 
l as t  two quantities a r e  assumed to be constant throughout the motion - - 
an assumption which i s  not valid when the gas reaches higher temperatures.  
M i s  the molecular weight of the gas and y i s  the Lagrangian independ- 
ent variable referring to a particle of the gas. R i s  the universal gas 
g 
constant. 
The above set  of equations and boundary conditions were expressed 
in the form of finite difference relations as  outlined in the Appendix, and 
solutions obtained by means of a high-speed digital computer. The 
initial conditions were chosen in accordance with those discussed in the 
previous section. The pressure  poo was made equal to 3 atmospheres and 
the initial temperature To was ZOOC. The initial pressure  p inside 0 
the cavity was put equal to 0.075 atmospheres. This was chosen only 
slightly l ess  than the up e r  limit mentioned in the introduction ;n  order  to 
keep the time of computation to a minimum. Moreover continuum theory 
i s  more  certain to be applicable when the initial pressure  has this value. 
The calculations were carr ied  out for bubbles containing neon and nitrogen, 
of initial radii 10- , 10-\ 10-'cm. 
3.  Discussion of the Results 
It i s  of interest to non-dimensionalize all the variables in the 
equations given in the previous section. Using the velocity of sound in 
the gas co under the initial conditions, the initial radius Ro, the 
initial density and temperature of the gas p and To, the dimensionless 0 
variables bkcome 
2 Then since c = ypo/po = y R T /M where y i s  the ratio of the specif- 
0 g 0 
i c  heats,  i t  follows from the equations that 
and 
1 1 
k r  = ~ T ~ / R  0 0 0p c = ~ ( M T ~ ) ~ / R ~ P , V ( R ~ ) ~  . (11) 
When the variables appear in this form several  features become apparent. 
If the thermal conductivity i s  negligible, Eq. (6) shows that the gas will 
behave in the usual adiabatic manner dependent principally upon whether 
the molecules a r e  monatomic o r  diatomic. In this case the time will 
scale with the initial radius R while the relative temperature pressure  
0 ' 
and velocity distributions will always be of the same magnitude regard- 
l e s s  of the initial size of the cavity. On the other  hand the effects of 
thermal  conducti,on a r e  inversely related to scale .  When Ro i s  la rge  
the behavior -of the gas  will be a lmost  adiabatic, and when Ro i s  sma l l  
'hea t  conduction will have a strong effect. The influence of heat  conduct- 
ion also depends on the initial p r e s s u r e  and to a l e s s e r  degree on the 
initial tempera ture .  
If po< < pa, i t  i s  to be expected that the behavior of the gas will 
have a negligible effect on the iner t ia l  force  of the liquid throughout the 
m a j o r  pa r t  of the collapse. Hence the total collapse t ime T i s  practical-  
ly independent of the contents of the cavity, and will therefore be propor-  
tional to the init ial  radius R The thermal  diffusion length L will 
0 ' 
1 
-
D 
1 
-
then be proportional to R~~ and the ratio QD/Ro will vary  a s  R - 2  
0 -  
Thus the sma l l e r  bubbles will show increased  effects of heat  conduction 
even though the i r  collapse t imes  a r e  sma l l e r .  
Another important feature i s  that the velocity of sound in  the gas 
remains  much higher than the velocity of the bubble wall throughout most  
of the motion. Under such conditions the p r e s s u r e  in the gas will remain 
comparitively uniform, because the effects of the disturbance created by 
the cavity wall have t ime to be distributed evenly throughout the gas .  
These features  a r e  a l l  c lear ly shown in the numerical solutions. 
When Ro i s  la rge  the solution i s  the same  a s  for  a uniform adiabatic 
gas ,  the differences being found to be within l e s s  than 1 DJo a t  R / R  = 0. 3. 
0 
F igures  2 - 4 give the solutions for  R = 1 0-1 , lo-' ,  1 o - ~  cm. F o r  
0 
- Al Ro = 10 the thermal  conductivity shows a perceptible effect, par t ic-  
ular ly when the tempera ture  gradients become l a rge .  This increases  
- 2 
when Ro = 10 . When Ro = lo-' ,  heat  conduction modifies the con- 
dition of the gas  quite significantly, and i t  i s  seen  that the temperature of 
neon falls slightly below that of nitrogen. As expected the p res su re  i n  
the gas remains  relatively uniform throughout the motion for all the c a s e s  
considered. F igure  4 shows how this uniform p r e s s u r e  va r i e s  a s  a 
function of the bubble radius R, a s  compared to an  adiabatic o r  an i so-  
thermal  gas.  F o r  the lo - )  c m  bubble the slope i s  seen to be almost  along 
the i so thermal  initially but a s  the collapse acce lera tes  i t  a l t e r s  so  that i t  
para l le l s  the adiabatic. 
The solution for  the 1 om3 bubble represents  the case closest  to the 
conditions of the experiments of Prudhomme and Guilmart.  However the 
average s ize  of the cavitation bubble in  these experiments i s  es t imated to 
- 3 
be somewhat sma l l e r  than 10 cm,  so  that the effects of thermal  conduct- 
ion will be even m o r e  pronounced. Hence the tempera ture  in the neon 
bubbles will fall  m o r e  distinctly below that in  the nitrogen bubbles.. 
This would account for  the difference in luminous intensity shown in 
Table 1. 
Appendix 
initially the thermodynamic variables a r e  uniform and have the 
values p o Y  Todo while the initial velocity in the gas i s  zero. The 
variable y defined in equation (4) i s  taken to extend from 0 a t  the 
center to p R~~ / 3 a t  the bubble wall and i s  divided into n equal in- 
0 
tervals Ay. The value of the radial coordinate r at  these intervals i s  
then given by 
0 1 
r = ( 3 j ~ ~ / p ~ ) '  : O < j Q n  j 
where in the usual notation of a finite difference mesh the superscript i 
refers  to the number of intervals of time At  from the initial time 
t = 0 and the subscript j to the number of intervals of A y from the 
origin y = 0. The thermodynamic variables were evaluated a t  the half 
i i i i intervals p j + $ 9  Tj + + J  Pj + $ whereas the velocity u and the radial j 
i 
coordinate r were evaluated a t  the full intervals. In order to preserve j 
accuracy at  least  in the initial stages, the temperature was divided into 
two parts  so that 
and the T~ kept as  the running variable. For  the same reason j + f  
ap was replaced by i ts  equation ( 6 )  was modified so that the t e rm  
equivalent - p 1% BU derived from (4). Equations (4) - (8) were + p r  Bii) 
then expressed in finite difference form as follows 
Using these equations and the variables on the i th row, a f irst  estimate 
was obtained for the variables on the (i t 1)th row. In order  to improve 
the accuracy of the derivatives with respect to the time t ,  one iteration 
was performed using this f irst  estimate averaged with values on the i th 
row. These averages were substituted in the appropriate locations with- 
in the above finite difference format and the new values which resulted 
were then carr ied  on to the next stage. It was found necessary to make 
one exce.ption in this process however. During the las t  stages of the cal- 
culation towards the end of the collapse, the procedure was found to be un- 
stable unless the expressions in u in equation (I. 5) were replaced by 
+ + ui ' ) and [ui - ui ] in the iteration. This change made no j t l  j t l  j 
apparent difference in the accuracy of the results. 
On the cavity wall, the velocity was found from equation (2) using 
the form 
1 r ( P W - P R )  , 3 i '1 / i  (I. 8) 
The pressure  on the wall p ' was obtained by combining equations (2)  R 
and (5) to give 
and the derivative aT/ay on the cavity wall was found using the form 
(I. 10) 
where the temperature on the cavity wall always has the same constant 
value To. An iteration was also performed on these equations in the 
manner already described. 
The above procedure was found to be quite stable provided [ 171 
A t  < cv(Ay)' / i2k pr(ri 14) 
1 n 
(I. 11) 
and 
(I. 12) 
1 17 ] R. D. Richtmeyer: "Difference Methods for Initial-Value Problems" 
Interscience Publishers Inc. New York, 1957, pp. 11 2, 202. 
where 
The most satisfactory value for the constants a and a was found to be 
1 L 
0 .6 .  The f i r s t  criterion was generally the predominant one. The number 
of points n was varied f rom twenty to fifty. The twenty point solution 
showed a reasonable agreement with the fifty point solution, and the 
examples were calculated therefore for thirty points. The work was per-  
formed on an IBM 7090 and the longest example took about three hours.  
R/R,, BUBBLE RADIUS 
Figure 1. The variation with time of the radius of a spherical bubble 
containing a uniform adiabatic gas. The bubble i s  collapsing 
under a constant external pressure of 3 atmospheres and has 
an initial internal pressure of 0.05 atmospheres. 
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Figure 2. Temperature distributions inside a spherical bubble containing 
nitrogen a t  different stages of collapse, for different initial 
radii. The bubble i s  subjected to a constant external pressure 
of 3 atmospheres and has an initial internal pressure of 0,075 
atmospheres. 
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Figure 3.  Temperature distributions inside a spherical bubble containing 
neon at  different stages of collapse, for different initial radii. 
The bubble i s  subjected to a constant external pressure of 
3 atmospheres and has an initial internal pressure of 0.075 
atmospheres . 
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Figure 4. The variation of the uniform pressure inside a spherical 
bubble containing nitrogen, as  a function of the bubble radius. 
The conditions a re  the same as  those for Fig. 2. 
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